ABSTRACT. In this paper, a two-species nonautonomous Lotka-Volterra model of population growth in a polluted environment is proposed. Global asymptotic behaviour of this model by constructing suitable bounded functions has been investigated. It is proved that each population for competition, predation and cooperation systems respectively is uniformly persistent (permanent) under appropriate conditions. Sufficient conditions are derived to confirm that if each of competition, predation and cooperation systems respectively admits a positive periodic solution, then it is globally asymptotically stable.
Introduction
It is well known that with the rapid development of modern industries and agricultures, a large quantity of toxicants and contaminants enter into ecosystems one after another. In recent years, many countries have already realized that the pollution of the environment is a very serious and urgent problem. One of the most important and meaningful questions in mathematical ecology is the uniformly persistent and extinction of a population in a polluted environment. Organisms are often exposed to a polluted environment and take up toxicants. The change in environment caused by pollution, affecting the long term survival of species, humans and biodiversity of the habitat. The question of the effects of pollutants and toxicants on ecological communities is of tremendous important from both environmental and conservational points of view.
NONAUTONOMOUS TWO SPECIES SYSTEM IN A POLLUTED ENVIRONMENT
under appropriate conditions. By constructing an appropriate Lyapunov function, we have derived sufficient conditions to confirm that if each of competition, predation, and cooperation systems respectively admits a positive periodic solution, then it is globally asymptotically stable.
The basic mathematical model
Our study is based on the hypothesis of a complete spatial homogeneous environment and no migration. We consider the following model to describe the dynamics of populations of two species in a polluted environment. The state variables of the model are x 1 (t) and x 2 (t), the densities of the first and second species at time t respectively, C 0 (t) is the concentration of toxicant in the organism at time t and C e (t) is the concentration of toxicant in the environment at time t. Here we assume that the individuals in the two species have the identical organismal toxicant concentration at time t.
Let us consider the two-species Lotka-Volterra model with toxicant effect: 
(t)C e (t) + l(t) − g(t)C 0 (t) − m(t)C 0 (t), dC e (t) dt = −h(t)C e (t) + u(t).
(2.1)
The initial conditions are
Here r io (t), d i (t) and a ij (t) (i, j = 1, 2) are continuous and bounded functions in the interval [0, ∞). r i0 (t) is the intrinsic growth rate of the ith population in the absence of toxicant, d i (t) is the dose response parameter of species i to the organismal toxicant concentration and a ij (t) measures the action of species j upon the growth rate of species i (in particular, a ii (t) represents the intraspecific competition coefficient of species i). Here we assume that the toxicant causes the intrinsic growth rates of the populations to decrease linearly. The first two terms on the right of the third equation in system (2.1) denote the organismal net uptake of toxicant from the environment (k(t)C e (t)) and the food chain (l(t)) respectively, the third and fourth terms represent the organismal net loss of toxicant due to metabolic processing and other causes. k(t) denotes environmental toxicant uptake rate per unit mass organism, l(t) denotes uptake rate of toxicant in food per unit mass organism, and −g(t)C o (t) and −m(t)C o (t) represent the egestion and depuration rates of the toxicant in the organism respectively. The first term (−h(t)C e (t)) on the right of the fourth equation in system (2.1) represents the toxicant loss from the environment itself by biological transformation, chemical hydrolysis, volatilization, microbial degradation, photosynthetic degradation and so on and the exogenous rate of input of toxicant into the environment is represented by u
(t). The coefficients k(t), l(t), g(t), m(t), h(t)
and u(t) are assumed to be nonnegative, continuous and bounded functions in the interval [0, ∞).
, for a continuous and bounded function f (t) defined on [0, +∞). Each of C 0 (t) and C e (t) is a concentration, and thus, these variables can not be greater than 1. So we should give some conditions, such that
Ì ÓÖ Ñ 2.1º Every solution of system (2.1) with initial conditions (2.2) exists in the interval [0, ∞) and
P r o o f. Since the right hand side of system (2.1) is completely continuous and locally Lipschitzian on C, the solution (x 1 (t), x 2 (t), C 0 (t), C e (t)) of (2.1) with initial conditions (2.2) exists and is unique on [0, α), where 0 < α ≤ +∞ ( [9] ). From system (2.1) with initial conditions (2.2), we have
P r o o f. According to Theorem 2.1, we have C 0 (t) ≥ 0, C e (t) ≥ 0, for all t ≥ 0. Now we have to prove that C 0 (t) ≤ 1, C e (t) ≤ 1, for all t ≥ 0. If the conclusion is false, then the maximum interval is [0, T ] such that 0 ≤ C 0 (t) ≤ 1, 0 ≤ C e (t) ≤ 1, for all t ∈ [0, T ] and at least one of the following cases will arise:
We will prove that none of these cases is true.
(
This contradicts the definition of the interval [0, T ]. So there is no T such that 0
With the same reasoning as in case (i), for cases (ii) and (iii), as far as t which keeps 0 ≤ C 0 (t) ≤ 1 and 0 ≤ C e (t) ≤ 1 is concerned, the interval [0, T ] can be extended rightwards. This contradicts the property of T . Therefore, 0 ≤ C 0 (t) ≤ 1, 0 ≤ C e (t) ≤ 1, for all t ≥ 0. This completes the proof.
Putting the expression of C e (t) in C 0 (t), we can express C 0 (t) in term of some bounded continuous functions; therefore the system (2.1) and (2.2) may be simplified as follows:
where
Global stability of system (2.3)
Ì ÓÖ Ñ 3.1º Assume that there exists U i (t) > 0, i = 1, 2, continuously differentiable and bounded on 0 ≤ t < ∞ such that
is globally asymptotically stable.
T is a solution of (2.3) with initial conditions (2.4) and U i (t) is a function such that (3.1) holds.
Calculating the upper right derivative D + V (t) of V (t) along the solution of (2.3) with initial conditions (2.4), we get
Integrating both sides of (3.3) with respect to t, we have
for all t ≥ 0 (3.4) Since the coefficients in the system are all continuous and bounded functions on [0, ∞) and moreover
Therefore,
Also from (3.5),
On the other hand, from the hypotheses, it is easy to see thatẋ i (t) andU i (t) (i = 1, 2) are bounded for t ≥ 0. Therefore,
From (3.7), (3.8), and (3.9), we get
For any two solutions x(t) = (x 1 (t), x 2 (t)) T and y(t) = (y 1 (t), y 2 (t)) T of (2.3) and (2.4), one has
Therefore, system (2.3) with initial conditions (2.4) is globally asymptotically stable. This proves the theorem.
Competition system
In this section we consider the following competition system generated by the system (2.3) and (2.4):
The coefficients r i (t), a ij (t) (i, j = 1, 2) are assumed to be continuous and bounded functions in the interval [0, ∞) with
and max
In this section, we discuss the permanence and global asymptotic stability of periodic solution of system (4.1) and (4.2).
Uniformly persistent
Here we wish to discuss the uniformly persistent of the system (4.1) with initial conditions (4.2), which demonstrates how this system will be uniformly persistent, this means that the long-term survival (i.e., will not vanish in time) of all components of the system (4.1) with initial conditions (4.2), under some conditions.
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Ò Ø ÓÒº The system (4.1) is said to be uniformly persistent, that is, the long-term survival (will not vanish in time) of all components of the system (4.1), if there are positive constants v i and w i (i = 1, 2) such that:
hold for any solution (x 1 (t), x 2 (t)) of (4.1) with initial conditions (4.2). Here v i and w i (i = 1, 2) are independent of (4.2).
T denote any solution of system (4.1) and (4.2). Then there exists a T 1 > 0 such that
Calculating the upper-right derivative of V (t) along the solution of system (4.1) and (4.2), we have the followings:
From (4.3) and (4.4), we can obtain the followings:
we consider the following three possibilities: 
This completes the proof.
Ì ÓÖ Ñ 4.2º Suppose that system (4.1) and (4.2) satisfies the following conditions:
Then system (4.1) and (4.2) is uniformly persistent.
T is a solution of (4.1) and (4.2). Thereforė
From the given conditions, we have r
, we choose m as 0 < m < m * .
Define V 1 (t) = min{x 1 (t), x 2 (t)}. Then calculating the lower-right derivative of V 1 (t) along the solution of system (4.1) and (4.2), we obtain:
From (4.5) and (4.6), we can derive the followings:
we consider the following three cases: 
From investigating (a), (b) and (c), we conclude that if
From the above discussions, we conclude that there exists T 2 > T 1 > 0 s.t. every solution of system (4.1) and (4.2) eventually enters and remains in the region
Global asymptotic stability of periodic solution
From our everyday experience we know that the biological and environmental parameters are subject to fluctuation in time. The effects of a periodically varying environment have an important selective forces on systems in a fluctuating environment. To investigate this kind of natural phenomenon, in the model, the coefficients should be periodic functions of time.
Suppose that system (4.1) is a periodic system with initial conditions (4.2). Here we assume that the periodic system (4.1) satisfies all conditions of Theorem 4.2. We derive sufficient conditions for all solutions of system (4.1) to converge to a periodic solution.
Ì ÓÖ Ñ 4.3º (Brouwer [16] (i = 1, 2).
T is a periodic solution of system (4.1) and (4.2). Suppose that (x 1 (t), x 2 (t))
T is any positive solution of (4.1) and (4.2). Let
Calculating the upper-right derivative of L(t) along the positive solution of system (4.1) and (4.2), it follows that
After some calculations and using the given conditions a
Integrating both sides of (4.9) on interval [T 2 , t], we get
On the other hand, it is easy to see thatu i (t) andẋ i (t), (i = 1, 2) are bounded for t ≥ T 2 . Therefore, |x i (s) − u i (s)| (i = 1, 2) are uniformly continuous on [T 2 , ∞). By Barbalat's Lemma [7, 35] , we conclude that
Predator-prey system
This section is dealt with the following predator-prey system generated by the system (2.3) and (2.4):
In this section, we study the uniformly persistent and global asymptotic stability of periodic solution of system (5.1) and (5.2).
Uniformly persistent
T denote any solution of system (5.1) and (5.2). Suppose system (5.1) satisfies the following condition:
Then there exists a T 2 > 0 such that
, we have,
Choose m 1 in such a way that (without loss of generality), 
Cooperation system
In this section we study the following cooperation system generated by the system (2.3) and (2.4):
The coefficients r i (t), a ij (t) (i, j = 1, 2) are assumed to be continuous and bounded functions in the interval [0, ∞) with In this section, we discuss the uniformly persistent and global asymptotic stability of periodic solution of system (6.1) and (6.2).
Uniformly persistent
T denote any solution of system (6.1) and (6.2). Suppose system (6.1) satisfies the following condition:
Then system (6.1) is uniformly persistent. P r o o f. We define V (t) = max{x 1 (t), x 2 (t)}.
Calculating the upper-right derivative of V (t) along the solution of system (6.1) and (6.2), we have the followings:
. From (6.3) and (6.4), we can obtain the followings:
(ii) if max{x 1 (0), x 2 (0)} > M, and let
we have the following three possibilities: This completes the proof.
Global asymptotic stability of periodic solution
Proceeding as in Theorem 4.5, we have the following theorem. 
Conclusions
In this paper, we have investigated the effect of toxicants on a two-species nonautonomous Lotka-Volterra model. We have discussed the global asymptotic behaviour of this model by constructing bounded functions U i > 0 i = 1, 2, satisfying equations which are suitable perturbations of original equations. We have also obtained the survival threshold of each population for competition, predation and cooperation systems respectively. By constructing an appropriate Lyapunov function, we have derived sufficient conditions to confirm that if each of competition, predation and cooperation systems respectively admits a positive periodic solution, then it is globally asymptotically stable. Our mathematical results reveal the fact that lower value of the dose response parameter of prey species to the organismal toxicant concentration at time t lead to make the predator-prey system uniformly persistent but the toxicants have no effect on uniformly persistent for cooperation system.
